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(SUB-)OPTIMAL ENTRY FEES
Ángel Hernando
A B S T R A C T
We extend Myerson's (1981) model by allowing for uncertainty about the number of bidders.
In such extension the Revenue Equivalence Theorem still holds and the optimal allocation rule remains
the same. Hence, the optimal auction can be implemented with an appropriate reserve price.
Nonetheless, we show that entry fees are sub-optimal. The reasons are heterogeneity in bidders' beliefs
about the number of bidders, and auctioneer's uncertainty about the optimum entry fee, if any. Our result
implies a reversal of the revenue ranking by Milgrom and Weber (1982) which is consistent with many
real life situations: auction houses, internet auctions,...
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Rqh vw|olvhg idfw lv wkh zlghvsuhdg xvh ri uhvhuyh sulfhv wr hqkdqfh dxfwlrqhhu*v
h{shfwhg uhyhqxh/ zkhuhdv/ hqwu| ihhv duh yhu| vfdufho| xvhg1 Wklv idfw lv vshfldoo|
wuxh iru zkdw zh fdq fdoo vpdoo ru srsxodu dxfwlrqv/ iru lqvwdqfh/ wudglwlrqdo dxfwlrq
krxvhv olnh Fkulvwlh*v ru Vrwkhe|*v/ wkh qhzeruq lqwhuqhw dxfwlrqv olnh hEd| ru \dkrr/
ru vrph vhfrqg kdqg pdunhwv rujdqlvhg wkurxjk dxfwlrqv olnh wkrvh lq Orqgrq iru
vhfrqg kdqg fduv ru vhfrqg kdqg krxvhv1 Dqrwkhu looxvwudwlrq ri wklv revhuydwlrq lv
wkdw dq vshfldolvhg errn vxfk dv Fdvvdg| +4<9:, ghglfdwhv vhyhudo sdjhv wr wkh hhfw
ri d uhvhuyh sulfh exw lw surylghv qr frpphqw zlwk uhvshfw wr hqwu| ihhv1
Wklv hpslulfdo idfw frqwudvwv zlwk wkh wkhruhwlfdo olwhudwxuh wkdw whqg wr vxjjhvw
wkdw wkh dxfwlrqhhu fdq lpsuryh klv h{shfwhg uhyhqxh e| uhgxflqj wkh uhvhuyh sulfh
dqg lqfuhdvlqj ru lqwurgxflqj dq hqwu| ihh14 Wklv lv iru lqvwdqfh wkh fdvh ri wkh
fhoheudwhg prgho ri Plojurp dqg Zhehu +4<;5,/ exw dovr ri Hqjhoeuhfkw0Zljjdqv
+4<<6,/ ru Ohylq dqg Vplwk +4<<7,1 Qrwh wkdw wkhvh uhvxowv krog lq vslwh ri wkh
uhyhqxh htxlydohqfh hvwdeolvkhg e| P|huvrq +4<;4,1 Wkh uhdvrq lv wkdw rqfh zh
hqulfk wkh prgho ri P|huvrq +Plojurp dqg Zhehu/ iru h{dpsoh/ doorz iru d!oldwlrq
lq ydoxdwlrqv, wkh htxlydohqfh ehwzhhq wkh xvh ri hqwu| ihhv dqg uhvhuyh sulfhv euhdnv
grzq1
Zh dujxh lq wklv sdshu wkdw lw lv qrw qhfhvvdulo| wkh fdvh wkdw uhdolw| dqg wkhru|
duh dw rggv1 Zh vkrz wkdw wkh uhyhqxh udqnlqj surylghg e| Plojurp dqg Zhehu +dqg
wkh rwkhu sdshuv lq wkh odwwhu sdudjudsk, fdq eh uhyhuvhg1 Zh surylgh dq h{sodqdwlrq
edvhg rq d txlwh frpprq ihdwxuh ri wkh h{dpsohv zh phqwlrq deryh= wkh xqfhuwdlqw|
derxw wkh qxpehu ri elgghuv wkdw erwk wkh elgghuv dqg wkh dxfwlrqhhu kdyh1 Wkh
iruphu dw wkh vwdjh ri ghflglqj wkhlu sduwlflsdwlrq lq wkh dxfwlrq dqg wkh odwwhu
zkhq kh ghflghv wkh dxfwlrq fkdudfwhulvwlfv1 Rwkhu dxwkruv olnh Fdvvdg| +4<9:,/ dqg
PfDihh dqg PfPloodq +4<;:, kdyh dujxhg derxw wkh lpsruwdqfh ri wklv idfw1
Zh prgho vxfk xqfhuwdlqw| dvvxplqj wkdw wkh qxpehu ri elgghuv lv gudzq df0
fruglqj wr d txlwh jhqhudo h{rjhqrxv vwrfkdvwlf surfhvv1 Xqghu wklv dvvxpswlrq/ zh
vkrz wkdw wkh uhyhqxh pd{lplvlqj dxfwlrq fdq eh lpsohphqwhg zlwk d uhvhuyh sulfh/
iru lqvwdqfh lq d vhfrqg sulfh dxfwlrq1 Zh dovr vkrz wkdw hqwu| ihhv fdq lpsohphqw
wkh uhyhqxh pd{lplvlqj dxfwlrq rqo| lq qrq jhqhulf fdvhv1
Wkh lqwxlwlrq ri rxu uhvxowv lv ehwwhu xqghuvwrrg iurp wkh Uhyhqxh Htxlydohqfh
Wkhruhp= P|huvrq +4<;4, vkrzv wkdw xqghu lqghshqghqw sulydwh lqirupdwlrq derxw
ydoxdwlrqv/ ulvn qhxwudolw|/ dqg {hg qxpehu ri elgghuv/ wkh dxfwlrqhhu*v h{shfwhg
uhyhqxh lv ghwhuplqhg e| wkh doorfdwlrq uxoh dqg wkh h{shfwhg xwlolw| ri wkh elg0
ghuv zlwk ohvv zloolqjqhvv wr sd|1 Kh dovr vkrzv wkdw wkh rswlpdo doorfdwlrq uxoh lv
txlwh vlpsoh= wr vhoo wr wkh elgghu zlwk kljkhvw ydoxdwlrq surylghg wkdw khu ydox0
dwlrq lv deryh d fhuwdlq fxw0r1 Wkxv/ P|huvrq frqfoxghv wkdw vhyhudo phfkdqlvp
duh rswlpdo/ dprqj wkhp dxfwlrqv zlwk uhvhuyh sulfhv dqg hqwu| ihhv dssursuldwho|
fkrvhq1
Zh vkrz wkdw d gluhfw frqvhtxhqfh ri wkh uhvxowv e| PfDihh dqg PfPloodq
+4<;:, lv wkdw wkh Uhyhqxh Htxlydohqfh Wkhruhp dqg wkh vwuxfwxuh ri wkh rswlpdo
4Dq h{fhswlrq lv Zdhkuhu/ Kduvwdg/ dqg Urwknrsi +4<<;,1
doorfdwlrq uxoh uhpdlqv wkh vdph zkhq wkh qxpehu ri elgghuv lv qrw {hg exw udwkhu
h{rjhqrxvo| vwrfkdvwlf1 Vxfk uhvxow gluhfwo| lpsolhv wkdw dq dssursuldwh dxfwlrq vhw0
xs/ dv d vhfrqg sulfh dxfwlrq ru dq Hqjolvk dxfwlrq/ zlwk d frqfuhwh uhvhuyh sulfh lv
h{shfwhg uhyhqxh pd{lplvlqj1 Krzhyhu/ zh fdqqrw dujxh dv P|huvrq wkdw dxfwlrqv
zlwk hqwu| ihhv duh rswlpdo1
Wkh uhdvrq zk| dq dxfwlrq zlwk dq dssursuldwh uhvhuyh sulfh fdq lpsohphqw
wkh rswlpdo dxfwlrq exw qrw zlwk dq hqwu| ihh lv vxewoh1 Zh fdq dujxh dv P|huvrq
wkdw wkhuh lv dozd|v dq hqwu| ihh wkdw lqgxfh d jlyhq elgghu wr wdnh wkh vdph hqwu|
ghflvlrqv dv zlwk dq rswlpdo uhvhuyh sulfh1 Khqfh/ lw vhhpv wkdw zh frxog dsshdo wr
wkh Uhyhqxh Htxlydohqfh Wkhruhp wr fodlp wkdw wkhuh pxvw h{lvw dq rswlpdo hqwu|
ihh1
Qrqhwkhohvv/ wkh hqwu| ihh wkdw lqgxfhv wkh vdph elgghu*v hqwu| ghflvlrqv dv d
jlyhq uhvhuyh sulfh zloo ghshqg rq wkh elgghu*v eholhiv derxw wkh dfwxdo qxpehu ri
elgghuv1 Wkh pruh elgghuv vkh h{shfwv wr phhw lq wkh dxfwlrq/ wkh ohvv lqfolqh vkh
zloo eh wr sd| wkh hqwu| ihh1 Wkxv/ li wkhuh lv vrph khwhurjhqhlw| lq wkhvh eholhiv/
zh fdqqrw qg dq hqwu| ihh wkdw lqgxfh doo wkh elgghuv vlpxowdqhrxvo| wr wdnh wkh
vdph hqwu| ghflvlrqv dv dq rswlpdo uhvhuyh sulfh1 Pruhryhu/ hyhq li wkh elgghuv krog
wkh vdph eholhiv/ wkh dxfwlrqhhu zloo qrw eh deoh wr frpsxwh wkh rswlpdo hqwu| ihh
xqohvv kh nqrzv wkh elgghuv* eholhiv1 Lq d zruog zlwk xqfhuwdlqw| derxw wkh qxpehu
ri elgghuv wklv fdq eh d txlwh uhvwulfwlyh dvvxpswlrq1
Lq uhdolw|/ iru lqvwdqfh/ txlwh riwhq wkhuh duh h{shulhqfhg elgghuv wkdw kdyh fohdu
lghdv derxw wkh qxpehu ri dfwlyh elgghuv/ dqg ohvv h{shulhqfhg elgghuv zlwk pruh
eoxuuhg eholhiv1 Vlploduo|/ elgghuv fdq kdyh dffhvv wr vrph slhfhv ri lqirupdwlrq
+pdjd}lqhv/ fdu txhxhv forvh wr wkh dxfwlrq krxvh/ d exqfk ri froohdjxhv wkdw duh
frqvlghulqj wr hqwhu wkh dxfwlrq/111, wkdw zhuh qrw dydlodeoh wr wkh dxfwlrqhhu zkhq
kh dqqrxqfhg wkh hqwu| ihh1
Zh dovr dujxh wkdw wkh vlwxdwlrqv lq zklfk hqwu| ihhv duh rswlpdo duh txlwh
xqvwdeoh1 Vxssrvh wkdw wkhuh lv xqfhuwdlqw| derxw wkh qxpehu ri dfwxdo elgghuv/ exw
elgghuv kdyh krprjhqrxv eholhiv nqrzq e| wkh dxfwlrqhhu1 Xqghu vxfk frqglwlrqv
dq hqwu| ihh dssursuldwho| fkrvhq lq d vhfrqg sulfh dxfwlrq lv rswlpdo1 Vxssrvh qrz
d voljkwo| glhuhqw jdph lq zklfk elgghuv kdyh wkh srvvlelolw| ri dftxlulqj vhfuhwo|
vrph dgglwlrqdo lqirupdwlrq derxw wkh qxpehu ri dfwxdo elgghuv1 Wkhq/ zh vkrz
wkdw hdfk elgghu kdv vwulfw lqfhqwlyhv wr dftxluh wklv dgglwlrqdo lqirupdwlrq zkhq doo
wkh rwkhu elgghuv sod| wkh htxloleulxp vwudwhjlhv ri wkh prgho zlwk qr lqirupdwlrq
dftxlvlwlrq1
Khqfh/ li wkh frvw ri lqirupdwlrq dftxlvlwlrq lv vx!flhqwo| orz/ vrph elgghuv
zloo dftxluh lqirupdwlrq1 Wkhq/ hqwu| ihhv zloo eh qr orqjhu rswlpdo1 Wkhuh zloo eh
khwhurjhqhlw| dprqj wkh elgghuv* eholhiv ehfdxvh hlwkhu wkh dgglwlrqdo lqirupdwlrq
glhuv dfurvv elgghuv ru ehfdxvh qrw doo wkh elgghuv kdyh dftxluhg qhz lqirupdwlrq1
Pruhryhu/ li wkh dxfwlrqhhu grhv qrw nqrz wkh vrxufh ri wklv dgglwlrqdo lqirupdwlrq
kh zloo eh xqfhuwdlq derxw wkh elgghuv* eholhiv1
Lq sudfwlfh/ iru lqvwdqfh/ wklv zloo kdsshq li elgghuv duh lqlwldoo| htxdoo| xqlq0
iruphg1 Wkhq/ zh frxog dujxh wkdw hqwu| ihhv pdnh vhqvh dv elgghuv* eholhiv derxw
wkh qxpehu ri dfwlyh elgghuv fdq eh vrphzkdw krprjhqhrxv1 Krzhyhu/ wkh phuh
idfw wkdw hqwu| ihhv duh xvhg surpswv wkh elgghuv wr vhhn rxw lqirupdwlrq1 Khqfh/
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li vrph ri wkh elgghuv jhw dgglwlrqdo lqirupdwlrq/ lw zloo fuhdwh wkh diruhphqwlrqhg
khwhurjhqhlw| lq elgghuv* eholhiv1
Rxu uhvxowv deryh duh dfklhyhg zkhq wkh dxfwlrqhhu kdv qr sulydwh lqirupdwlrq
derxw wkh qxpehu ri dfwlyh elgghuv1 Zh vkrz wkdw vlplodu frqglwlrqv dowkrxjk
ohvv uhvwulfwlyh duh uhtxluhg zkhq wkh dxfwlrqhhu kdv vrph sulydwh lqirupdwlrq1 Iru
lqvwdqfh/ wkh dxfwlrqhhu fdq kdyh vrph lqirupdwlrq wkdw dssursuldwho| uhyhdohg wr
wkh elgghuv ydqlvkhv wkh khwhurjhqhlw| lq wkhlu eholhiv1 Krzhyhu/ dv zh looxvwudwh lq
wkh sdshu/ txlwh riwhq wkh dxfwlrqhhu fdqqrw pdnh xvh ri klv sulydwh lqirupdwlrq wr
xvh rswlpdo hqwu| ihhv ehfdxvh kh fdqqrw fuhgleo| uhyhdo lw1 Qrwh wkdw d elgghu lv
pruh zloolqj wr sd| kljk hqwu| ihhv li vkh eholhyhv wkdw wkhuh duh ihzhu rwkhu elgghuv1
Khqfh/ wkh dxfwlrqhhu kdv lqfhqwlyhv wr plvohdg wkh elgghuv pdnlqj wkhp eholhi wkdw
wkhuh duh ohvv elgghuv wkdq wkhuh duh lq uhdolw|1
Wkh prvw forvho| uhodwhg sdshu lv wkdw e| PfDihh dqg PfPloodq +4<;:,1 Wkh|
dovr fkdudfwhulvh wkh rswlpdo dxfwlrq lq d prgho lq zklfk elgghuv kdyh xqfhuwdlqw|
derxw wkh qxpehu ri elgghuv1 PfDihh dqg PfPloodq/ krzhyhu/ gr qrw frpsduh lq
whupv ri h{shfwhg uhyhqxh dxfwlrqv zlwk uhvhuyh sulfhv dqg2ru hqwu| ihhv1 Pruhryhu/
rxu prgho jhqhudolvhv PfDihh dqg PfPloodq uhvxowv wr wkh fdvh lq zklfk wkh dxf0
wlrqhhu krogv xqfhuwdlqw| derxw wkh qxpehu ri elgghuv dqg wkh elgghuv klhudufklhv
ri eholhiv derxw wkh qxpehu ri elgghuv1
Zh kdyh dovr uhihuuhg wr vrph rwkhu sdshuv lq zklfk hqwu| ihhv duh frpsduhg
zlwk uhvhuyh sulfhv1 Wkh prgho e| Plojurp dqg Zhehu +4<;5, kdv ehhq douhdg|
h{sodlqhg1 Hqjhoeuhfkw0Zljjdqv +4<<6,/ dqg Ohylq dqg Vplwk +4<<7, vwxg| d prgho
lq zklfk wkh qxpehu ri elgghuv ydulhv hqgrjhqrxvo|1 Wkh iruphu sdshu srlqwv rxw
wkdw dq hqwu| ihh fdq lpsohphqw ixoo vxusoxv h{wudfwlrq/ dqg wkh odwwhu vkrzv wkdw
lq idfw/ hqwu| ihhv vwulfwo| grplqdwh uhvhuyh sulfhv1 Qrwh/ krzhyhu/ zkdw wkh| fdoo
dq hqwu| ihh vkrxog pruh dssursuldwho| eh fdoohg dq lqvshfwlrq ihh= elgghuv rqo|
ohduq wkhlu ydoxdwlrq diwhu sd|lqj lw1 Khqfh/ dq hqwu| ihh fdq h{wudfw wkh elgghuv*
vxusoxv ehfdxvh elgghuv kdyh qr sulydwh lqirupdwlrq dw wkh wlph zkhq wkh| kdyh
wr sd| wkh lqvshfwlrq ihh1 D uhvhuyh sulfh fdqqrw gr vr zhoo ehfdxvh lw lv sdlg
rqo| rqfh wkh elgghuv kdyh wkhlu sulydwh lqirupdwlrq dqg wkhq wkh dxfwlrqhhu fdqqrw
h{wudfw wkh elgghuv* lqirupdwlrqdo uhqwv1 Ilqdoo|/ Zdhkuhu/ Kduvwdg/ dqg Urwknrsi
+4<<;, surylgh d uhvxow lq olqh zlwk rxu udqnlqj uhvxow1 Wkh| vkrz wkdw d ulvn dyhuvh
dxfwlrqhhu fdq dfklhyh kljkhu h{shfwhg xwlolw| xvlqj dq dssursuldwh uhvhuyh sulfh
wkdq zlwk dq| hqwu| ihh1
Wkh sdshu lv rujdqlvhg dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw wkh vhw ri dvvxpswlrqv
wkdw ghvfuleh wkh edvlf ihdwxuhv ri rxu prgho1 Zh pryh lq wkh wklug vhfwlrq wr rxu
pdlq uhvxowv= fkdudfwhulvdwlrq ri wkh rswlpdo dxfwlrq/ rswlpdolw| ri uhvhuyh sulfhv
dqg vxe0rswlpdolw| ri hqwu| ihhv1 Lq wkh irxuwk vhfwlrq/ zh frqvlghu wkh lqfhqwlyhv
ri elgghuv wr dftxluh lqirupdwlrq1 Vhfwlrq 8 h{whqgv wkh dqdo|vlv ri vhfwlrq 6 wr wkh
fdvh lq zklfk wkh dxfwlrqhhu kdv sulydwh lqirupdwlrq1 Vhfwlrq 9 frqfoxghv1
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Dq h{shfwhg uhyhqxh5 pd{lplvlqj dxfwlrqhhu sxwv xs iru vdoh d vlqjoh xqlw ri d qrq
glylvleoh jrrg1 D vhw ri Q elgghuv wkdw zh ghqrwh e| E  Q dqg fdoo wkh dfwlyh
elgghuv lv lqwhuhvwhg lq wklv jrrg1 Wkhlu suhihuhqfhv duh fkdudfwhulvhg e| d yrq
Qhxpdqq0Prujhqvwhu xwlolw| ixqfwlrq htxdo wr y  s zkhq elgghu l jhwv wkh jrrg
dqg sd|v s/ dqg htxdo wr s zkhq vkh grhv qrw jhw wkh jrrg exw sd|v s1 Zh vkdoo
uhihu wr y dv elgghu*v l ydoxdwlrq1 Elgghuv* ydoxdwlrqv duh dvvxphg wr eh sulydwh
lqirupdwlrq dqg wr iroorz hdfk6 dq lqghshqghqw glvwulexwlrq I zlwk vxssruw ^3> 4`
dqg ghqvlw| i 1
Rxu lqghshqghqfh dvvxpswlrq jrhv durxqg wzr sureohpv1 Dv Fuhphu dqg PfOhdq
+4<;;, kdyh vkrzq/ rswlpdo dxfwlrqv zkhq elgghuv* ydoxdwlrqv kdyh vwulfw fruuhodwlrq
duh frxqwhulqwxlwlyh dqg txlwh vhqvlwlyh wr wkh sulplwlyhv ri wkh prgho1 Pruhryhu/
Plojurp dqg Zhehu +4<;5, vkrz wkdw li wkh mrlqw glvwulexwlrq ri elgghuv* ydoxdwlrqv
vdwlvhv wkh d!oldwlrq lqhtxdolw|/ uhvhuyh sulfhv duh grplqdwhg e| hqwu| ihhv1 Lq wklv
fdvh rxu lqghshqghqfh dvvxpswlrq doorzv wr surylgh d fohdu0fxw vhw0xs lq zklfk rxu
uhvxowv gr qrw pl{ zlwk Plojurp dqg Zhehu*v uhvxow1
Zh uhvwulfw wr zkdw P|huvrq +4<;4, kdv fdoohg wkh uhjxodu fdvh1 Wklv lv wkdw
wkh ixqfwlrq y 
38 E
sE
lv vwulfwo| lqfuhdvlqj lq y 5 ^3> 4`1 Vxfk dvvxpswlrq lv txlwh
vwdqgdug lq dxfwlrq wkhru| dqg lw lv vdwlvhg e| pdq| glvwulexwlrq ixqfwlrqv +h1j1




dvvxph iru vlpsolflw| wkdw yW h{lvwv dqg ehorqjv wr wkh lqwhuydo +3> 4,1
Zh doorz iru elgghuv dqg dxfwlrqhhu xqfhuwdlqw| derxw wkh qxpehu ri elgghuv/
dowkrxjk frqvlvwhqw zlwk d frpprq sulru1 Wklv frpprq sulru lv prghoohg7 dvvxplqj
wkdw wkh vhw ri dfwlyh elgghuv E lv gudzq iurp d vhw ri srwhqwldo elgghuv dffruglqj wr
dq h{rjhqrxv udqgrp surfhvv18 Lq rxu prgho/ wkh idfw ri ehlqj dfwlyh frqyh|v wkh
elgghu sulydwh lqirupdwlrq derxw E1 Rq wrs ri wklv sulydwh lqirupdwlrq/ zh doorz
elgghuv wr kdyh vrph dgglwlrqdo sulydwh lqirupdwlrq derxw E1 Wr gr vr/ zh dvvxph
wkdw wkh h{rjhqrxv surfhvv wkdw vhohfwv dfwlyh elgghuv dovr jhqhudwhv d vljqdo shu
dfwlyh elgghu1 Zh ghqrwh e| V wkh sulydwh vljqdo wkdw fruuhvsrqgv wr elgghu l/ dqg
e| V lwv vxssruw1 Lq vrph lqvwdqfhv/ zh vkdoo dovr doorz wkh dxfwlrqhhu wr kdyh
sulydwh lqirupdwlrq derxw E/ zh vkdoo uhihu wr wklv dgglwlrqdo lqirupdwlrq e| Vf/
zlwk vxssruw Vf1 Iru vlpsolflw| zh dvvxph wkdw wkh vljqdov* vxssruw lv frxqwdeoh1
9
5Rxu uhvxowv zrxog dovr krog li wkh dxfwlrqhhu sxwv vrph uhvhuyh ydoxh lq uhwdlqlqj wkh jrrg exw
lq wzr wulyldo fdvhv= zkhq wkh uhvhuyh ydoxh lv vr orz wkdw wkh dxfwlrqhhu zdqwv wr vhoo dozd|v> dqg
zkhq lw lv vr kljk wkdw wkh dxfwlrqhhu qhyhu zdqwv wr vhoo1
6Zh frqvlghu d sulydwh ydoxh vhw0xs iru vlpsolflw|1 Rxu uhvxowv gluhfwo| jhqhudolvh wr d frpprq
ydoxh vhw0xs xqghu wzr dvvxpswlrqv= wkh frpprq ydoxh lv d olqhdu ixqfwlrq ri wkh sulydwh vljqdov
ri wkh elgghuv/ dqg wkh elgghuv* sulydwh lqirupdwlrq derxw wkh ydoxh ri wkh remhfw lv vwdwlvwlfdoo|
lqghshqghqw1
7Zh pdnh h{solflw wkh surfhgxuh wkurxjk zklfk wkh qxpehu ri elgghuv lv vhohfwhg lq rughu wr eh
deoh wr frqvwuxfw lq d Ed|hvldq idvklrq elgghu*v eholhiv derxw wkh qxpehu ri dfwlyh elgghuv1 PfDihh
dqg PfPloodq +4<;:, xvh d vlplodu frqvwuxfwlrq wr prgho h{rjhqrxv xqfhuwdlqw| derxw wkh qxpehu
ri dfwlyh elgghuv1
8Pruh irupdoo|/ zh dvvxph wkdw wkh vxssruw ri  lv d frxqwdeoh vxevhw ri 2Q/ dqg  lv wkh xqlrq
ri doo wkh vhwv lq wklv vxssruw1
9Wkdw wkh vxssruw ri 7 lv frxqwdeoh lv uhvwulfwlyh1 Qrwh/ krzhyhu/ wkdw Phuwhqv dqg ]dplu
:
Rxu prgho wr jhqhudwh eholhiv derxw wkh vhw ri dfwlyh elgghuv lv wkdw d gluhfw
jhqhudolvdwlrq Pf Dh dqg Pf Ploodq*v +4<;:, prgho1 Zh jhqhudolvh lw e| doorzlqj
sulydwh vljqdov derxw wkh vhw ri dfwlyh elgghuv1 Wkh uhdvrq ri vxfk h{whqvlrq lv
wkdw zh duh lqwhuhvwhg lq wkh lvvxh ri lqirupdwlrq dftxlvlwlrq derxw wkh vhw ri dfwlyh
elgghuv1 Qrwh wkdw wklv h{whqvlrq pdnhv rxu prgho glhu lq wkdw wkh lghqwlw| ri wkh
elgghu grhv qrw frqyh| wkh eholhiv ri wkh elgghu derxw wkh vhw ri dfwlyh elgghuv dv
lq wkh prgho ri Pf Dh dqg Pf Ploodq1
Zh uhihu wr wkh suredelolw| phdvxuh wkdw ghvfulehv wkh frpprq sulru wkdw jhq0
hudwhv E dqg wkh vljqdov V*v dqg Vf zlwk Su^=`1 Zh dovr ghqrwh e| Su^=m=` wr wkh
suredelolw| ri wkh hyhqw rq wkh ohiw vlgh ri wkh yhuwlfdo edu frqglwlrqdo rq wkh hyhqw
rq wkh uljkw vlgh ri wkh yhuwlfdo edu1 Ilqdoo|/ ghqrwh e| H^=` dqg H^=m=` wkh uhvshfwlyh
h{shfwhg ydoxhv dvvrfldwhg wr wkh frpprq sulru1 Zh vkdoo dvvxph wkdw wkdw iru
dq| vhw D zlwk srvlwlyh suredelolw| +zlwk uhvshfw wr wkh suredelolw| phdvxuh Su,
H^Q mD` ?41
Uhfdoo wkdw zh kdyh lpsolflwo| dvvxphg wkdw elgghuv* lqirupdwlrq derxw wkhlu
ydoxdwlrqv lv ruwkrjrqdo wr wkh surfhvv wkdw fdswxuhv wkh lqirupdwlrq derxw wkh vhw
ri dfwlyh elgghuv1 Wkhuh lv olwwoh krsh wkdw rxu uhvxowv krog xqghu pruh jhqhudo
lqirupdwlrq vwuxfwxuhv exw lq udwkhu vshflf h{dpsohv1 Wr vhh zk| qrwh wkdw wklv
dvvxpswlrq dyrlgv wzr sureohpv= Iluvw/ li elgghuv* vljqdov surylgh vrph lqirupdwlrq
derxw wkh rwkhu elgghuv* ydoxdwlrqv/ zh fdq h{shfw wkdw dfwlyh elgghuv* eholhiv derxw
wkh rwkhu dfwlyh elgghuv* ydoxdwlrqv zloo glhu xqohvv zh pdnh vwurqj v|pphwu|
dvvxpswlrqv1 Wklv zrxog lpso| zrunlqj zlwk dv|pphwulf dxfwlrqv zkrvh dqdo|vlv
lv frpsoh{ dqg grhv qrw surylgh fohdu0fxw suhglfwlrqv lq jhqhudo +vrph sduwldo uhvxowv
kdyh ehhq surylghg e| Pdvnlq dqg Uloh| +5333,,1 Vhfrqg/ wkh dvvxpswlrq wkdw
elgghuv* ydoxdwlrqv duh vwdwlvwlfdoo| lqghshqghqw lv ohvv sodxvleoh vlqfh wkh| frxog




Lq wklv vhfwlrq zh vkrz wkdw wkh uhyhqxh pd{lplvlqj dxfwlrq fdq eh lpsohphqwhg lq
jhqhudo wkurxjk d vhfrqg sulfh dxfwlrq zlwk dq dssursuldwh uhvhuyh sulfh/ exw qrw
zlwk dq hqwu| ihh1 Wr surylgh vxfk uhvxowv zh vwduw fkdudfwhulvlqj wkh vhw ri rswlpdo
dxfwlrqv=
Sursrvlwlrq 41 Dq dxfwlrq lv rswlpdo li dqg rqo| li wkh iroorzlqj frqglwlrqv krog:
d1v1= +l, Wkh jrrg lv doorfdwhg wr wkh dfwlyh elgghu zlwk kljkhvw ydoxdwlrq li wklv lv
kljkhu wkdq yW> rwkhuzlvh/ wkh dxfwlrqhhu uhwdlqv wkh jrrg1 +ll, Hdfk dfwlyh elgghu
wkdw kdv ydoxh 3/ dqg iru hdfk srvvleoh uhdolvdwlrq ri wkhlu sulydwh vljqdo V/ jhwv }hur
h{shfwhg xwlolw|1
Surri1 Rxu surri pdnhv xvh ri wkh uhvxowv ri PfDihh dqg PfPloodq +4<;:,1 Wkhlu
dqdo|vlv ri wkh rswlpdo dxfwlrq glhuv iurp xv lq rqo| rqh dvshfw= wkh| dvvxph wkdw
+4<;8, kdyh suryhg wkdw d jhqhudo eholhi vsdfh fdq eh duelwudulo| dssur{lpdwhg e| d qlwh eholhi
vsdfh/ khqfh d iruwlrul e| d frxqwdeoh eholhi vsdfh1
:Zh zulwh d1v1 iru doprvw vxuho| zlwk uhvshfw wr wkh suredelolw| phdvxuh ghqrwhg e| Su1
;
elgghuv gr qrw krog sulydwh vljqdov1 Wklv dvvxpswlrq lq sulqflsoh fdq eh uhlqwhusuhw
dvvxplqj wkdw elgghuv zlwk glhuhqw sulydwh vljqdov duh glhuhqw srwhqwldo elgghuv1
Qrwh wkdw xqghu rxu dvvxpswlrqv wkh qhz vhw ri srwhqwldo elgghuv lv dovr frxqwdeoh
dv uhtxluhg e| PfDh dqg PfPloodq*v dvvxpswlrqv1 Krzhyhu/ e| grlqj wklv wulfn
zh plvv rqh lpsruwdqw ghwdlo ri rxu prgho1 Wklv dvvxpswlrq lpsolhv wkdw wkh elg0
ghu*v lghqwlw| whoov wkh dxfwlrqhhu wkh elgghu*v eholhiv derxw wkh vhw ri dfwlyh elgghuv
+dqg klhudufklhv ri eholhiv,1 Zh vkrz wkdw wklv dvvxpswlrq wxuqv rxw wr eh xquh0
vwulfwlyh1 Wkhruhp 7 e| PfDihh dqg PfPloodq lpsolhv wkdw wkh rswlpdo phfkdqlvp
pxvw vdwlvi| wkh frqglwlrqv surylghg lq Sursrvlwlrq 4 zkhq wkh dxfwlrqhhu fdq lqihu
elgghu*v eholhiv iurp elgghu*v lghqwlw|1 Exw/ wklv uhvxow lpsolhv wkh sursrvlwlrq vlqfh
wkh iruphu rswlpdo phfkdqlvp fdq eh lpsohphqwhg hyhq li wkh dxfwlrqhhu grhv qrw
nqrz wkh elgghuv* eholhiv1 Iru lqvwdqfh/ d vhfrqg sulfh dxfwlrq zlwk uhvhuyh sulfh yW
lpsohphqwv wkh rswlpxp +vhh ehorz,1 
Wkh surri ri wklv sursrvlwlrq lv edvhg rq PfDihh dqg PfPloodq +4<;:,1 Wkh|
dsso| dq dgdswdwlrq ri P|huvrq*v +4<;4, surri wr wkh fdvh lq zklfk wkh vhw ri dfwlyh
elgghuv lv vwrfkdvwlf1 Wkh| vkrz wkdw elgghuv ulvn qhxwudolw| soxv lqghshqghqf| ri
elgghuv* ydoxdwlrqv lpso| wkh uhyhqxh htxlydohqfh1 Iurp wklv/ lw lv hdv| wr ghgxfh
wkdw frqglwlrq +l, fkdudfwhulvhv wkh rswlpdo doorfdwlrq uxoh/ dqg frqglwlrq +ll, wkh
}hur surw frqglwlrq ri wkh plqlpxp w|sh1 Qrwh wkdw frqglwlrq +l, lpsrvhv wkh vdph
uhvwulfwlrqv rq wkh rswlpdo doorfdwlrq dv lq P|huvrq*v prgho/ zkhuhdv frqglwlrq +ll,
lv mxvw d gluhfw jhqhudolvdwlrq ri dq htxlydohqw frqglwlrq ri rswlpdolw| lq P|huvrq*v
prgho1
Qrwh wkdw rxu surri jhqhudolvhv PfDihh dqg PfPloodq*v uhvxow e| doorzlqj elgghuv
wr kdyh vrph dgglwlrqdo sulydwh lqirupdwlrq derxw wkh vhw ri dfwlyh elgghuv1 Zh
vkrz wkdw wklv qhz dgglwlrq grhv qrw dhfw wr wkh vhw ri rswlpdo dxfwlrqv1 Wklv lv
vr ehfdxvh d vhfrqg sulfh dxfwlrq zlwk d uhvhuyh sulfh htxdo wr yW lpsohphqwv wkh
rswlpdo dxfwlrq1 Lw lv zhdno| grplqdqw iru wkh elgghuv wr= +d, hqwhu wkh dxfwlrq li
dqg rqo| li wkhlu ydoxdwlrqv duh deryh yW dqg +e, elg wkh wuxh ydoxdwlrq frqglwlrqdo
rq hqwhulqj1 Khqfh/
Fruroodu| 41 D vhfrqg sulfh dxfwlrq +ru dq Hqjolvk dxfwlrq, zlwk uhvhuyh sulfh yW
dqg qr hqwu| ihh lpsohphqwv wkh rswlpdo dxfwlrq1
Vlqfh wkh uhyhqxh htxlydohqfh krogv/ zh frxog h{shfw wkdw hqwu| ihhv dssursuldwho|
fkrvhq duh dovr rswlpdo zlwk jhqhudolw|1 Zh vkrz ehorz wkdw wklv frqmhfwxuh lv qrw
wuxh1 Zh surylgh vxfk surri frqvlghulqj hqwu| ihhv lq dq| dxfwlrq phfkdqlvp/ dqg
hyhq li frpelqhg zlwk d uhvhuyh sulfh1 Wr surylgh vxfk jhqhudo uhvxow zh ghqh dq
hqwu| ihh dv d iurqw sd|phqw wr wkh dxfwlrqhhu wkdw hdfk ri wkh elgghuv pxvw gr
lq rughu wr sduwlflsdwh lq wkh dxfwlrq1; Zh dovr ghqh d uhvhuyh sulfh dv wkh sulfh
wkdw wkh zlqqhu ri wkh dxfwlrq sd|v +rq wrs ri wkh hqwu| ihh, zkhq qr rwkhu elgghu
vxeplwv d vhulrxv elg1 Qrwh wkdw wkhvh ghqlwlrqv fryhu hqwu| ihhv dqg uhvhuyh sulfhv
lq vwdqgdug dxfwlrq phfkdqlvpv +uvw sulfh dxfwlrqv/< vhfrqg sulfh dxfwlrqv/111,
;Reylrxvo|/ wklv sd|phqw pxvw eh qrq uhixqgdeoh/ vr zh glvuhjdug phfkdqlvpv lq zklfk iurqw
sd|phqwv duh +sduwldoo|, uhixqg e| zkdwhyhu phdqv wr wkh orvhuv ri wkh dxfwlrq1 Iru lqvwdqfh/ dq
doo sd| dxfwlrq wkdw doorzv iru qhjdwlyh elgv1
< Li wkh qxpehu ri elgghuv wkdw zloo vxeplw vhulrxv elgv lv revhuyhg ehiruh wkh elgv duh vxeplwwhg1
<
Iru wkh vdnh ri vlpsolflw| zh irfxv lq wklv vhfwlrq lq wkh fdvh lq zklfk wkh dxf0
wlrqhhu grhv qrw kdyh sulydwh lqirupdwlrq derxw wkh vhw ri dfwlyh elgghuv ru wkhlu
uhvshfwlyh vljqdov V1 Zh vkrz lq Vhfwlrq 8 krz wr prgli| Sursrvlwlrq 5 zkhq wkh
dxfwlrqhhu kdv vrph sulydwh lqirupdwlrq1
Sursrvlwlrq 51 Li wkh dxfwlrqhhu kdv qr sulydwh lqirupdwlrq/ dq hqwu| ihh lv rswlpdo
rqo| li=
+d, Dfwlyh elgghuv kdyh krprjhqhrxv eholhiv lq wkh vhqvh wkdw iru doo l> m 5 E/
H^I +yW,3mV> l 5 E` @ H^I +y
W,3mV> m 5 E`> d1v1
+e, Wkh dxfwlrqhhu nqrzv wkh frpprq eholhiv ri wkh srwhqwldo elgghuv lq wkh
vhqvh wkdw wkhuh h{lvwv d n 5 ^3> 4` vxfk wkdw iru doo l 5 E/
H^I +yW,3mV> l 5 E` @ n> d1v1
Surri1 Zh vwduw surylglqj dq lqglhuhqfh frqglwlrq wkdw pxvw eh vdwlvhg e| hdfk
elgghu li frqglwlrq +l, lq Sursrvlwlrq 4 krog lq htxloleulxp1 Zh wkhq vkrz wkdw wklv
lqglhuhqfh frqglwlrq fdq eh vdwlvhg vlpxowdqhrxvo| e| doo wkh dfwlyh elgghuv rqo| li
+d, krogv1 Wkhq/ zh vkrz wkdw +e, lv dovr qhfhvvdu| vlqfh wkh dxfwlrqhhu fdq frpsxwh
wkh rswlpdo hqwu| ihh rqo| li kh nqrzv H^I +yW,3mV> l 5 E`1
Li frqglwlrq +l, krogv dfwlyh elgghuv zlwk ydoxdwlrq yW pxvw eh lqglhuhqw eh0
wzhhq hqwhulqj wkh dxfwlrq ru qrw1 Vxssrvh/ iru lqvwdqfh/ wkdw dq dfwlyh elgghu zlwk
ydoxdwlrq yW vwulfwo| suhihuv wr vwd| rxw ri wkh dxfwlrq1 Wkhq/ wkh frqwlqxlw|43 ri
wkh dfwlyh elgghuv h{shfwhg xwlolw| zlwk uhvshfw wr ydoxdwlrqv lpsolhv wkdw vkh zrxog
qrw sduwlflsdwh lq wkh dxfwlrq li vkh kdg d w|sh forvh wr yW1 Wklv phdqv wkdw zlwk
srvlwlyh suredelolw| wklv dfwlyh elgghu zloo qrw jhw wkh remhfw zkhq vkh kdv wkh kljk0
hvw ydoxdwlrq dqg wklv ydoxdwlrq lv deryh yW/ l1h1 frqglwlrq +l, grhv qrw krog zlwk
srvlwlyh suredelolw|1
Zkhq frqglwlrq +l, yhulhv/ d jhqhulf dfwlyh elgghu l zlwk ydoxdwlrq yW zlqv wkh
dxfwlrq li dqg rqo| li qr rwkhu dfwlyh elgghu kdv d ydoxdwlrq deryh yW1 Elgghu l sxwv
suredelolw| H^I +yW,3mV> l 5 E` rq wklv hyhqw1 Lq wklv fdvh/ vkh sd|v wkh uhvhuyh
sulfh/ vd| u1 Wklv phdqv wkdw rxu lqglhuhqfh frqglwlrq lpsolhv wkdw wkh hqwu| ihh h
pxvw eh vxfk wkdw=
h @ +yW  u,H^I +yW,3mV> l 5 E`> d1v1 +4,
Wklv frqglwlrq fdq eh vdwlvhg vlpxowdqhrxvo| e| doo dfwlyh elgghuv rqo| li +d,
krogv1 Qrwh dovr wkdw +e, pxvw krog dv rwkhuzlvh wkh dxfwlrqhhu zrxog qrw eh deoh wr
frpsxwh wkh rswlpdo hqwu| ihh hlwkhu e| lwvhoi ru frpelqhg zlwk d uhvhuyh sulfh1 
43Zh gr qrw surylgh wkh surri wkdw elgghu*v h{shfwhg xwlolw| lv frqwlqxrxv zlwk uhvshfw wr wkh
elgghu*v ydoxdwlrq1 Wklv surri iroorzv iurp Htxdwlrq +7:, lq PfDihh dqg PfPloodq +4<;:,1
43
Wkh uhdvrq zk| wkhuh lv qr rswlpdo hqwu| ihh zlwk jhqhudolw| lv vrphzkdw vxewoh1
Lw lv wuxh wkdw zh fdq dozd|v qg dq hqwu| ihh wkdw fdq lqgxfh d jlyhq elgghu wr wdnh
wkh vdph hqwu| ghflvlrqv dv zlwk dq rswlpdo uhvhuyh sulfh1 Khqfh/ zh frxog wklqn ri
dsshdolqj wr wkh uhyhqxh htxlydohqfh wr fodlp wkdw wkhuh pxvw h{lvw dq rswlpdo hqwu|
ihh1 Krzhyhu/ wkh hqwu| ihh wkdw fruuhvsrqgv wr wkh rswlpdo uhvhuyh sulfh zloo ghshqg
rq wkh elgghu*v eholhiv derxw wkh qxpehu ri dfwlyh elgghuv1 Wkxv/ li wkhvh eholhiv
glhu lq d sduwlfxodu vhqvh dfurvv elgghuv/ zh fdqqrw qg dq hqwu| ihh wkdw surgxfhv
wkh vdph hqwu| ohyho dv dq rswlpdo uhvhuyh sulfh1 Dqrwkhu gl!fxow| lv wkdw hyhq li
doo wkh dfwlyh elgghuv kdg wkh vdph eholhiv/ wkh dxfwlrqhhu frxog eh xqfhuwdlq derxw
zklfk duh wkh elgghuv* eholhiv dqg khqfh/ wkh rswlpdo hqwu| ihh1 Vlqfh zh dvvxph
wkdw wkh dxfwlrqhhu grhv qrw kdyh sulydwh lqirupdwlrq/ wklv zloo kdsshq zkhq wkh
elgghuv* eholhiv duh frpprq exw udqgrp dqg wklv udqgrpqhvv vkliwv lq d sduwlfxodu
vhqvh wkh frpprq eholhiv144
Sursrvlwlrq 5 vshflhv wkh sduwlfxodu vhqvh lq zklfk li eholhiv glhu wkhuh lv qr
rswlpdo hqwu| ihh1 Wklv vhqvh lv wkdw dfwlyh elgghuv sxw glhuhqw suredelolw| rq
zlqqlqj wkh dxfwlrq zkhq wkh| kdyh d ydoxdwlrq yW/ doo wkh dfwlyh elgghuv iroorz
hqwu| vwudwhjlhv fkdudfwhulvhg e| wkh fxw0r yW/ dqg wkh rxwfrph ri wkh dxfwlrq
lv vxfk wkdw elgghuv zlwk kljkhu ydoxdwlrqv rxwelg elgghuv zlwk orzhu ydoxdwlrqv1
Vlploduo|/ Sursrvlwlrq 5 vshflhv lq d sdudooho zd| wkh vhqvh lq zklfk vkliwv ri dq
dfwlyh elgghu*v eholhiv fdq pdnh hqwu| ihhv vxe0rswlpdo1
Zh rqo| qg wzr vfhqdulrv lq zklfk wkh qhfhvvdu| frqglwlrqv iru rswlpdo hqwu|
ihhv duh qdwxudoo| vdwlvhg= zkhq wkh qxpehu ri dfwlyh elgghuv lv frpprq nqrzohgjh/
dqg lq d ixoo| v|pphwulf prgho lq zklfk doo elgghuv kdyh wkh vdph eholhiv derxw
wkh qxpehu ri dfwlyh elgghuv dqg wkh dxfwlrqhhu nqrzv wkhvh eholhiv1 Rqfh zh
dgplw wkdw wkhuh lv vrph nlqg ri khwhurjhqhlw| ru dxfwlrqhhu*v xqfhuwdlqw| derxw wkh
eholhiv derxw wkh qxpehu ri elgghuv/ wkh jhqhudo uhvxow zloo eh wkdw hqwu| ihhv duh
vxe0rswlpdo1
Iru lqvwdqfh/ li vrph dfwlyh elgghuv eholhiv derxw wkh qxpehu ri dfwlyh elgghuv
grplqdwh wkh eholhiv ri vrph rwkhu dfwlyh elgghuv lq wkh vhqvh ri vwulfw uvw rughu
vwrfkdvwlf grplqdqfh/ frqglwlrq +d, ri Sursrvlwlrq 5 zloo eh ylrodwhg1 Wkh uhdvrq
lv wkdw I +yW,3 lv d vwulfwo| ghfuhdvlqj ixqfwlrq1 Khqfh/ wkh dfwlyh elgghuv zlwk
grplqdwhg eholhiv lq wkh deryh vhqvh zloo sxw vwulfwo| kljkhu suredelolw| rq wkh
h{shfwhg ydoxh ri I +yW,3 wkdq wkh dfwlyh elgghuv zlwk grplqdqw eholhiv1 Wkh vdph
wklqj kdsshqv zkhq doo wkh dfwlyh elgghuv* eholhiv duh frpprq exw wkh| udqgrpo|
vkliw lq wkh vhqvh ri uvw rughu vwrfkdvwlf grplqdqfh1




Zh surylgh d vlpsoh h{dpsoh lq zklfk dfwlyh elgghuv gr qrw uhfhlyh dq| sulydwh
vljqdo V1 Wkh vrxufh ri khwhurjhqhlw| rq elgghuv* eholhiv zloo frph iurp wkh idfw
44Zh frxog wklqn wkdw wkh dxfwlrqhhu fdq dyrlg wklv sureohp e| {lqj d frqwlqjhqw hqwu| ihh
wkdw ydulhv zlwk wkh qxpehu ri elgghuv wkdw vxeplw elgv1 Exw/ wklv lv dfwxdoo| zkdw d uhvhuyh sulfh
lv= dq hqwu| ihh wkdw lw lv sdlg rqo| li rqh elgghu hqwhuv wkh dxfwlrq1 Lq idfw/ lw fdq eh vkrzq wkdw
zkhq hqwu| ihhv duh vxe0rswlpdo/ wkh rqo| frqwlqjhqw hqwu| ihh wkdw lpsohphqwv wkh rswlpxp lv d
uhvhuyh sulfh1
44
wkdw ehlqj dfwlyh surylghv glhuhqw elgghuv glhuhqw lqirupdwlrq1 Pruh suhflvho|/
zh vkdoo dvvxph wkdw wkh suredelolwlhv wkdw elgghuv duh dfwlyh duh fruuhodwhg/ dqg
wklv fruuhodwlrq lv dv|pphwulf1 Iru vlpsolflw|/ zh dvvxph d yhu| vlpsoh prgho ri
fruuhodwlrq1 Wkhuh duh wzr jurxsv ri elgghuv J dqg J2/ hdfk zlwk Q dqg Q2
srwhqwldo elgghuv uhvshfwlyho|1 Doo wkh elgghuv lq d jlyhq jurxs duh dfwlyh zlwk d
suredelolw|  5 +3> 4, dqg lqdfwlyh zlwk suredelolw| 4  1 Wkhvh suredelolwlhv duh
lghqwlfdo dqg lqghshqghqw iru erwk jurxsv1 Wkh dv|pphwulhv zloo frph iurp wkh
idfw wkdw zh dvvxph wkdw Q A Q21
Iljxuh 4 vkrzv wkdw wkh glvwulexwlrq ri Q frqglwlrqdo rq elgghu l 5 J dfwlyh
+Q mJ, grplqdwhv wkh glvwulexwlrq ri Q frqglwlrqdo rq elgghu m 5 J2 dfwlyh +Q mJ2,
lq wkh vhqvh ri vwulfw uvw0rughu vwrfkdvwlf grplqdqfh1 Khqfh/ wkh h{shfwhg ydoxh ri
I +yW,3 frqglwlrqdo rq elgghu l 5 J dfwlyh zloo eh vwulfwo| orzhu wkdq wkh vdph
h{shfwhg ydoxh frqglwlrqdo rq elgghu m 5 J2 dfwlyh1 Vlqfh wklv vlwxdwlrq zloo kdsshq
zlwk srvlwlyh suredelolw|/ wkh frqglwlrqv ri Sursrvlwlrq 5 duh ylrodwhg dqg wkxv/ hqwu|
ihhv duh vxe0rswlpdo1
Iljxuh 4= Glvwulexwlrq ixqfwlrqv ri Q frqglwlrqdo rq d elgghu ri jurxs J dfwlyh
+Q mJ, dqg frqglwlrqdo rq d elgghu ri jurxs J2 dfwlyh +Q mJ2,1




Zh looxvwudwh dxfwlrqhhu*v xqfhuwdlqw| dvvxplqj wkdw wkh hdfk elgghu nqrzv wkh
qxpehu ri dfwlyh elgghuv exw wkh dxfwlrqhhu grhv qrw nqrz lw1 Pruh irupdoo|/ zh
dvvxph wkdwE kdv d qrq ghjhqhudwh sulru dqg wkdw hdfk dfwlyh elgghu*v vljqdo lqirupv
ri wkh vhw ri dfwlyh elgghuv/ l1h1 V htxdov E iru doo l 5 E1 Xqghu wklv dvvxpswlrq wkh
uvw frqglwlrq ri Sursrvlwlrq 5 lv wulyldoo| vdwlvhg1 Krzhyhu/ wkh dxfwlrqhhu grhv
45
qrw nqrz wkh dfwlyh elgghuv* eholhiv lq wkh vhqvh uhtxluhg e| Sursrvlwlrq 51 Khqfh/







Lq wklv vhfwlrq/ zh surylgh dq h{dpsoh wkdw looxvwudwhv wkdw wkh vlwxdwlrqv lq zklfk
hqwu| ihhv duh rswlpdo duh txlwh xqvwdeoh1 Zh vkrz wkdw li wkh dxfwlrqhhu xvhv dq
hqwu| ihh/ elgghuv kdyh vwulfw lqfhqwlyhv wr dftxluh vhfuhwo| dgglwlrqdo lqirupdwlrq
derxw wkh qxpehu ri dfwlyh elgghuv1 Rqfh/ vrph elgghuv dftxluh wklv dgglwlrqdo
lqirupdwlrq zlwk srvlwlyh suredelolw|/ lq jhqhudo lw lv qr orqjhu rswlpdo wr { dq
hqwu| ihh1
Iru wklv sxusrvh zh dvvxph wkdw wkh dxfwlrqhhu uvw pdnhv dq dqqrxqfhphqw
ri wkh dxfwlrq vwuxfwxuh/ dqg wkhq elgghuv xsrq revhuylqj45 wklv dqqrxqfhphqw fdq
ghflgh wr dftxluh ru qrw vrph sulydwh vljqdo1 Zh vwduw dvvxplqj wkdw doo wkh elgghuv
duh h{ dqwh v|pphwulf lq wkh vhqvh wkdw wkhuh h{lvwv46 d glvwulexwlrq ixqfwlrq J vxfk
wkdw wkh glvwulexwlrq ri Q frqglwlrqdo rq elgghu l dfwlyh htxdov J iru doo srwhqwldo
elgghuv l 5 E1 Zh dovr dvvxph wkdw dfwlyh elgghuv gr qrw revhuyh dq| sulydwh vljqdo1
Xqghu wkhvh dvvxpswlrqv/ wkh qhfhvvdu| frqglwlrqv iru rswlpdolw| ri hqwu| ihhv ri
Sursrvlwlrq 5 duh vdwlvhg1 Lq idfw/ lw lv hdv| wr vkrz wkdw xqghu vxfk frqglwlrqv d
vhfrqg sulfh dxfwlrq zlwk dq dssursuldwh hqwu| ihh lv rswlpdo +iru lqvwdqfh/ dq hqwu|
ihh wkdw vdwlvhv htxdwlrq +4,,1
Vxssrvh wkdw wkh dxfwlrqhhu {hv dq rswlpdo hqwu| ihh lq d vhfrqg sulfh dxfwlrq1
Vxssrvh dovr wkdw wkh frpprq glvwulexwlrq J lv qrq ghjhqhudwh1 Wklv phdqv wkdw
dfwlyh elgghuv krog vrph xqfhuwdlqw| derxw wkh qxpehu ri dfwlyh elgghuv1 Zh wkhq
vwxg| wkh lqfhqwlyhv ri d jhqhulf elgghu l wr uhgxfh wklv xqfhuwdlqw| e| dftxlulqj
vhfuhwo| d vljqdo V zkhq doo wkh rwkhu elgghuv iroorz wkh hqwu| ghflvlrqv wkdw fruuh0
vsrqg wr wkh prgho zlwk qr lqirupdwlrq dftxlvlwlrq/ l1h1 hqwhu li dqg rqo| li y  y
W
+m 9@ l,1 Iru vlpsolflw| zh dvvxph wkdw V lv d glfrwkrplf vljqdo vxfk wkdw lw vkliwv
wkh frqglwlrqdo glvwulexwlrq ri wkh qxpehu ri dfwlyh elgghuv lq wkh vhqvh ri vwulfw uvw
rughu vwrfkdvwlf grplqdqfh1 Pruh suhflvho|/ zh dvvxph wkdw iru v, dqg v wkh wzr
uhdolvdwlrqv ri V/ wkh glvwulexwlrq ri Q frqglwlrqdo rq l 5 E dqg V @ v grplqdwhv
wkh glvwulexwlrq ri Q frqglwlrqdo rq l 5 E dqg V @ v lq wkh vhqvh ri vwulfw uvw
rughu vwrfkdvwlf grplqdqfh1 Wkh odehoolqj ri v, dqg v lv zlwkrxw orvv ri jhqhudolw|1
Sursrvlwlrq 61 Elgghu l kdv vwulfw lqfhqwlyhv wr dftxluh vhfuhwo| wkh dgglwlrqdo lq0
irupdwlrq V1
Surri1 Zh vwduw uhfdoolqj wkdw elgghu l*v h{shfwhg xwlolw| zkhq vkh kdv d ydoxdwlrq yW/
hqwhuv wkh dxfwlrq/ dqg doo wkh rwkhu elgghuv hqwhu wkh dxfwlrq li dqg rqo| li y  y
W
+m 9@ l,/ htxdov +yWu,H^I +yW,3mLqi`h zkhuh u lv wkh uhvhuyh sulfh/ h wkh hqwu| ihh/
45Wkh dqdo|vlv fdq dovr eh h{whqghg wr wkh fdvh lq zklfk wkh elgghuv wdnh wkh ghflvlrq ehiruh wkh
dxfwlrqhhu pdnhv wkh dqqrxqfhphqw1 Lq wklv fdvh/ zh frxog dujxh wkdw li wkh elgghuv iruhfdvw wkdw
wkh dxfwlrqhhu lv jrlqj wr dqqrxqfh d srvlwlyh hqwu| ihh/ wkh| kdyh vwulfw lqfhqwlyhv wr dftxluh vrph
dgglwlrqdo lqirupdwlrq1
46H{dpsoh 4 e| PfDihh dqg PfPloodq +4<;:, vkrzv krz wr frqvwuxfw wkh dfwlyh elgghuv vhohfwlrq
uxoh wr dvvxuh wkdw doo wkh dfwlyh elgghuv kdyh wkh vdph eholhiv derxw wkh qxpehu ri dfwlyh elgghuv1
46
dqg Lqi lv elgghu l*v sulydwh lqirupdwlrq1 Uhfdoo dovr wkdw lq dq rswlpdo dxfwlrq
d elgghu zlwk ydoxdwlrq yW pxvw eh lqglhuhqw ehwzhhq hqwhulqj wkh dxfwlrq ru qrw/
wklv lv +yW u,H^I +yW,3ml 5 E` h @ 31 Ilqdoo|/ d frqvhtxhqfh ri vwulfw uvw rughu
vwrfkdvwlf grplqdqfh lv wkdw H^I +yW,3ml 5 E> aV @ v` ? H^I +y
W,3ml 5 E` ?
H^I +yW,3ml 5 E> aV @ v,`1 Wkhuhiruh/ +y
W  u,H^I +yW,3ml 5 E> aV @ v`  h ?
3 ? +yWu,H^I +yW,3ml 5 E> aV @ v,`h1 Wklv lv/ li elgghu l dftxluhv vljqdo V dqg
hqwhu wkh dxfwlrq zlwk d ydoxdwlrq yW +ru forvh wr yW e| frqwlqxlw|,/ vkh jhwv vwulfwo|
qhjdwlyh h{shfwhg xwlolw| li V @ v dqg vwulfwo| srvlwlyh h{shfwhg xwlolw| li V @ v,1
Wkxv/ elgghu l fdq vwulfwo| lpsuryh e| dftxlulqj vhfuhwo| wkh vljqdo aV dqg uhylvlqj
klv hqwu| vwudwhj| zkhq khu ydoxdwlrq htxdov yW +ru lw lv forvh wr yW,= qrw hqwhulqj
wkh dxfwlrq li V @ v dqg hqwhulqj li V @ v,1 
Li dw ohdvw rqh elgghu dftxluhv vhfuhwo| khu fruuhvsrqglqj vljqdo V wkh frqglwlrqv
ri Sursrvlwlrq 5 gr qrw krog1 Wkxv/ zh fdq jxuh rxw wkdw wkdw hyhq li wkh frqglwlrqv
ri Sursrvlwlrq 5 duh vdwlvhg/ li wkh frvw ri lqirupdwlrq dftxlvlwlrq lv vx!flhqwo| orz/





Lq wklv vhfwlrq zh dvvxph wkdw wkh dxfwlrqhhu sulydwho| revhuyhv d vljqdo Vf lqiru0
pdwlyh ri wkh qxpehu ri dfwlyh elgghuv dqg ri wkh elgghuv* klhudufklhv ri eholhiv
dvvrfldwhg/ wklv lv ri E dqg wkh V*v vljqdov1 Wkh vljqdo Vf zdv douhdg| lqwurgxfhg
lq Vhfwlrq 51
Sulydwh lqirupdwlrq doorzv wkh dxfwlrqhhu wr pdnh hqwu| ihhv rswlpdo hyhq li
wkh frqglwlrqv ri Sursrvlwlrq 5 duh qrw vdwlvhg1 Wkhuh duh wzr zd|v e| zklfk d
sulydwho| lqiruphg dxfwlrqhhu fdq pdnh hqwu| ihhv rswlpdo1 Iluvw/ e| +sduwldoo|,
uhyhdolqj klv sulydwh lqirupdwlrq wkh dxfwlrqhhu fdq holplqdwh wkh khwhurjhqhlw| ri
dfwlyh elgghuv* eholhiv lq wkh vhqvh ri Sursrvlwlrq 51 Vhfrqg/ wkh dxfwlrqhhu zloo kdyh
pruh lqirupdwlrq wr frpsxwh wkh rswlpdo hqwu| ihh1
Wr uhvwdwh wkh qhfhvvdu| frqglwlrqv ri Sursrvlwlrq 5/ zh qhhg wr irupdolvh lqiru0
pdwlrq uhyhodwlrq1 Zh lqwurgxfh dq lqghshqghqw udqgrp yduldeoh ] zlwk xqlirup
glvwulexwlrq ixqfwlrq rq ^3> 4`1 Wkhq/ zh prgho wkh lqirupdwlrq wkdw wkh dxfwlrqhhu
uhyhdov zlwk zkdw zh fdoo uhsruwlqj ixqfwlrqv1 Wkhvh duh ixqfwlrqv  wkdw dvvljq
wr hdfk uhdolvdwlrq ri Vf dqg ] d ydoxh  wkdw zh fdoo d uhsruw1
47 Zh dvvxph wkdw
wklv ixqfwlrq dqg lwv uhdolvdwlrqv duh frpprq nqrzohgjh1 Qrwh wkdw vxfk uhsruwlqj
ixqfwlrqv doorz iru srrolqj ri lqirupdwlrq dqg iru qrlv| uhyhodwlrq ri lqirupdwlrq/
ru hyhq qr lqirupdwlrq uhyhodwlrq1
Zh dovr pdnh wkh shuihfw Ed|hvldq htxloleulxp dvvxpswlrq wkdw elgghuv ohduq
wkh lqirupdwlrq rq zklfk wkh dxfwlrqhhu frqglwlrqv klv dxfwlrq uxohv1 Iru lqvwdqfh/
li wkh dxfwlrqhhu fkrrvhv d jlyhq hqwu| ihh h li dqg rqo| li kh revhuyhv d jlyhq
uhdolvdwlrq ri klv sulydwh lqirupdwlrq Vf @ vf/ wkh elgghuv zloo ohduq wkdw Vf @ vf
xsrq revhuylqj h148 Wklv lv htxlydohqw wr vd| wkdw wkh dxfwlrqhhu fdq frqglwlrq klv
47Wkhvh ixqfwlrqv kdv dovr ehhq xvhg e| Plojurp dqg Zhehu +4<;5,1
48Pruh suhflvho|/ zh wklqn ri d wzr vwdjh jdph1 Lq d uvw vwdjh/ wkh dxfwlrqhhu pdnhv dq dq0
qrxqfhphqw ri klv dxfwlrq phfkdqlvp frqwlqjhqw rq klv sulydwh lqirupdwlrq +dqg srvvleo| kh dovr
47
dxfwlrq phfkdqlvp rqo| rq wkh lqirupdwlrq wkdw kh frqyh|v/ l1h1 rq wkh uhdolvdwlrqv
ri klv uhsruw ixqfwlrq1
Sursrvlwlrq 71 Jlyhq d uhsruwlqj ixqfwlrq / dq dxfwlrqhhu fdq lpsohphqw wkh
rswlpdo dxfwlrq frqglwlrqdo rq d uhdolvdwlrq  lq wkh vxssruw ri / rqo| li=
+d, Dfwlyh elgghuv kdyh frqglwlrqdo krprjhqhrxv eholhiv lq wkh vhqvh wkdw iru doo
l> m 5 E/
H^I +yW,3mV> l 5 E>+Vf> ], @ ` @ H^I +y
W,3mV> m 5 E>+Vf> ], @ `> d1v1
+e, Wkh dxfwlrqhhu nqrzv wkh frpprq frqglwlrqdo eholhiv ri wkh dfwlyh elgghuv
lq wkh vhqvh wkdw wkhuh h{lvwv d frqvwdqw n vxfk wkdw iru doo l 5 E/
H^I +yW,3mV> l 5 E>+Vf> ], @ ` @ n> d1v1
Surri1 Wkh deryh frqglwlrqv duh wkh qhfhvvdu| frqglwlrqv lq Sursrvlwlrq 5 frqgl0
wlrqdo rq wkh lqirupdwlrq uhyhdohg e| wkh uhsruw ixqfwlrq1 
Fruroodu| 51 Wkh dxfwlrqhhu fdq qg rswlpdo wr { dq hqwu| ihh iru vrph uhdolvd0
wlrqv ri klv sulydwh vljqdo rqo| li wkhuh h{lvwv d uhsruwlqj ixqfwlrq wkdw yhulhv wkh
frqglwlrqv ri Sursrvlwlrq 71
Dowkrxjk wkh idfw wkdw wkh dxfwlrqhhu kdv vrph sulydwh lqirupdwlrq pdnhv pruh
ihdvleoh wkdw wkh kh fdq lpsohphqw wkh rswlpxp zlwk dq hqwu| ihh/ wkh frqglwlrqv
duh vwloo txlwh uhvwulfwlyh1 Qrwh wkdw rqo| li wkh dxfwlrqhhu*v lqirupdwlrq fdq ydqlvk
wkh dfwlyh elgghuv* khwhurjhqhlw| lq wkh vhqvh ri wkh sursrvlwlrq/ hqwu| ihhv fdq eh
rswlpdo1 D qdwxudo h{dpsoh zkhuh wkh frqglwlrqv ri Sursrvlwlrq 7 krog lv zkhq wkh
dxfwlrqhhu nqrzv wkh qxpehu ri dfwlyh elgghuv1 H{dpsoh 814 looxvwudwhv d vlpsoh
fdvh lq zklfk wkh frqglwlrqv ri Sursrvlwlrq 7 duh qrw vdwlvhg1
Pruhryhu/ wkh deryh frqglwlrqv duh vx!flhqw iru hqwu| ihhv dssursuldwho| fkrvhq
wr eh rswlpdo rqo| li wkh dxfwlrqhhu kdv ixoo frpplwphqw srzhu1 Wklv frpplwphqw
uhihuv qrw rqo| wr wkh phfkdqlvp uxohv/ dv lq wkh vwdqgdug vhw0xs/ exw dovr wr wkh
yhudflw| ri wkh lqirupdwlrq wkdw wkh dxfwlrqhhu frqyh|v/ l1h1 wr wkh uhsruw ixqfwlrq1
H{dpsoh 815 vkrzv wkdw wkh dxfwlrqhhu fdq kdyh lqfhqwlyhv wr plvohdg wkh elgghuv
e| uhyhdolqj idovh lqirupdwlrq1






Zh frqvlghu d vlplodu fdvh wr wkh h{dpsoh lq vxe0vhfwlrq 6141 Zh dvvxph wkdw dfwlyh
elgghuv gr qrw uhfhlyh dq| sulydwh vljqdo V1 Wkh vrxufh ri khwhurjhqhlw| duh wkh
dv|pphwulhv dprqj elgghuv1 Zh dvvxph wkdw wkhuh duh wzr jurxsv ri elgghuv J
uhyhdov sduw ri klv sulydwh lqirupdwlrq,1 Lq d vhfrqg vwdjh/ wkh elgghuv revhuyh wkh dxfwlrq phfkd0
qlvp dqqrxqfhg e| wkh dxfwlrqhhu dqg wdnh wkh elgglqj ghflvlrqv1 Wkh shuihfw Ed|hvldq htxloleulxp
uhvwulfwlrqv lpso| wkdw wkh elgghuv xsgdwh wkhlu eholhiv lq d frqvlvwhqw zd| zlwk wkh dxfwlrqhhu*v
pds iurp klv sulydwh lqirupdwlrq wr wkh vhw ri dxfwlrq phfkdqlvpv dorqj wkh htxloleulxp sdwk1
48
dqg J2/ hdfk zlwk Q dqg Q2 srwhqwldo elgghuv uhvshfwlyho|1 Doo wkh elgghuv lq
wkh uvw jurxs duh dozd|v dfwlyh/ zkhuhdv doo wkh elgghuv lq wkh vhfrqg jurxs duh
vlpxowdqhrxvo| dfwlyh zlwk d suredelolw|  5 +3> 4,/ dqg vlpxowdqhrxvo| lqdfwlyh zlwk
suredelolw| 4 1
Iljxuh 5 vkrzv wkdw wkh glvwulexwlrq ri Q frqglwlrqdo rq elgghu l 5 J2 dfwlyh
+Q mJ2, grplqdwhv wkh glvwulexwlrq ri Q frqglwlrqdo rq elgghu m 5 J dfwlyh +Q mJ,
lq wkh vhqvh ri vwulfw uvw0rughu vwrfkdvwlf grplqdqfh1 Wkh glhuhqfh lv wkdw zkhuhdv
elgghuv ri jurxs J2 nqrz wkh qxpehu ri dfwlyh elgghuv wr eh Q . Q2 zkhq wkh|
duh dfwlyh/ elgghuv ri jurxs J gr qrw nqrz zkhwkhu wkh elgghuv ri J2 duh dfwlyh/
dqg wkhq Q @ Q . Q2/ ru wkh elgghuv ri J2 duh qrw dfwlyh dqg wkhq Q @ Q1 Wklv
lpsolhv wkdw frqglwlrq +ll, ri Sursrvlwlrq 5 lv qrw vdwlvhg/ dqg khqfh/ hqwu| ihhv
fdqqrw eh rswlpdo1
Iljxuh 5= Glvwulexwlrq ixqfwlrqv ri Q frqglwlrqdo rq d elgghu ri jurxs J dfwlyh
+Q mJ, dqg frqglwlrqdo rq d elgghu ri jurxs J2 dfwlyh +Q mJ2,1
Elgghuv lq wkh vhfrqg jurxs dozd|v nqrz +zkhq wkh| duh dfwlyh, wkh qxpehu
ri dfwlyh elgghuv1 Khqfh/ li elgghuv lq wkh uvw jurxs kdyh vrph xqfhuwdlqw| derxw
zkhwkhu elgghuv lq wkh vhfrqg jurxs duh dfwlyh ru qrw/ frqglwlrq +d, lq Sursrvlwlrq 7
fdqqrw eh vdwlvhg1 Wklv phdqv wkdw wkhuh duh rqo| wzr zd|v e| zklfk wkh qhfhvvdu|
frqglwlrqv ri Sursrvlwlrq 7 fdq eh vdwlvhg1 Wkh uvw rqh lv zkhq wkh dxfwlrqhhu
nqrzv zkhq elgghuv ri J2 duh dfwlyh1 Wkhq/ li elgghuv J2 duh dfwlyh/ wkh dxfwlrqhhu
fdq frqyh| wklv lqirupdwlrq wr wkh elgghuv dqg holplqdwh wkh khwhurjhqhlw| lq wkh
vhqvh ri Sursrvlwlrq 71 Wkh rwkhu fdvh lv zkhq wkh dxfwlrqhhu nqrzv zkhq elgghuv
ri J2 duh lqdfwlyh1 Wkhq/ li elgghuv J2 duh lqdfwlyh wkh dxfwlrqhhu nqrzv wkdw doo
wkh dfwlyh elgghuv krog wkh vdph eholhiv derxw wkh qxpehu ri dfwlyh elgghuv1 Kh fdq
frqyh| wklv lqirupdwlrq wr wkh elgghuv vr wkdw frqglwlrq +d, lv vdwlvhg dqg frpsxwh
49
wkh dfwlyh elgghuv eholhiv lq wkh vhqvh ri frqglwlrq +e,1 Khqfh/ hqwu| ihhv fdq eh
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Sursrvlwlrq 7 vwdwhv qhfhvvdu| frqglwlrqv iru hqwu| ihhv wr eh rswlpdo1 Lw lv hdv| wr
vkrz wkdw wkhvh frqglwlrqv duh vx!flhqw li wkh dxfwlrqhhu*v dqqrxqfhphqwv ri klv
sulydwh lqirupdwlrq duh fuhgleoh/ l1h1 li wkh dxfwlrqhhu fdq frpplw wr d jlyhq uhsruw
ixqfwlrq1 Qrwh/ krzhyhu/ wkdw wkh lqirupdwlrq uhyhdohg e| wkh dxfwlrqhhu dhfwv wkh
elgghuv* ehkdylrxu1 Dqg khqfh/ wkh dxfwlrqhhu frxog kdyh lqfhqwlyhv wr plvohdg wkh
elgghuv zlwk idovh lqirupdwlrq1
Zh looxvwudwh zlwk d vlpsoh h{dpsoh wkdw hqwu| ihhv fdq eh vxe0rswlpdo hyhq li
wkh frqglwlrqv ri Sursrvlwlrq 7 duh phw1 Wkh uhdvrq lv wkdw lw frxog eh wkdw wkh
dxfwlrqhhu kdv qr zd| ri frqyh|lqj fuhgleo| klv sulydwh lqirupdwlrq1
Zh dvvxph wkdw wkhuh duh wzr srwhqwldo elgghuv/ elgghu 4 dqg elgghu 51 Hdfk
ri wkhp lv dfwlyh zlwk dq lqghshqghqw suredelolw|/ vd|  dqg 2 uhvshfwlyho|/ zkhuh
 9@ 21 Pruhryhu/ vxssrvh wkh| gr qrw uhfhlyh dq| sulydwh vljqdo V1 Zh dovr
dvvxph wkdw wkh dxfwlrqhhu nqrzv wkh qxpehu ri dfwlyh elgghuv/ l1h1 Vf @ Q 1 Li wkh
dxfwlrqhhu fdqqrw frqyh| klv sulydwh lqirupdwlrq/ frqglwlrq +d, ri Sursrvlwlrq 7 lp0
solhv wkdw hqwu| ihhv duh vxe0rswlpdo1 Krzhyhu/ li wkh dxfwlrqhhu uhsruwv wkh qxpehu
ri dfwlyh elgghuv/ wklv lv xvhv d uhsruwlqj ixqfwlrq +Vf> ],  Vf/ wkh frqglwlrqv ri
Sursrvlwlrq 7 duh vdwlvhg1
Zh frqvlghu wkh fdvh lq zklfk wkh dxfwlrqhhu uhyhdov wkh qxpehu ri dfwlyh elgghuv1
Zh vkdoo vkrz wkdw=
Ohppd 41 Vxssrvh wkdw wkh elgghuv wklqn wkdw wkh dxfwlrqhhu uhsruwv wuxwkixoo|1
Vxssrvh dovr wkdw wkh dxfwlrqhhu xvh d srvlwlyh hqwu| ihh zkhq kh dqqrxqfhv wkdw
wkhuh lv rqh elgghu dfwlyh1 Wkhq/ wkh dxfwlrqhhu lqfuhdvhv klv h{shfwhg sd|rv li
kh dqqrxqfhv wkdw wkhuh lv rqh elgghu dfwlyh zkhq lq uhdolw| wkhuh duh wzr elgghuv
dfwlyh1
Surri1 Iru wkh vdnh ri vlpsolflw| zh uhvwulfw wkh surri wr wkh fdvh lq zklfk wkh
dxfwlrqhhu xvhv d vhfrqg sulfh dxfwlrq dqg kh fdq rqo| fkrrvh wkh uhvhuyh sulfh dqg
wkh hqwu| ihh1 Li elgghuv eholhi klv dqqrxqfhphqw ri wkh qxpehu ri dfwlyh elgghuv/
wkh rswlpdo dxfwlrq fdq eh lpsohphqwhg zlwk d frpelqdwlrq ri uhvhuyh sulfh dqg
hqwu| ihh +u?> h?,/ zkhuh q lv wkh dqqrxqfhg qxpehu ri dfwlyh elgghuv/ rqo| li wkh|
vdwlvi| +vhh/ iru lqvwdqfh wkh dujxphqwv lq wkh surri ri Sursrvlwlrq 5,=
+yW  u?,I +y
W,?3  h? @ 3> iru q @ 4> 5= +5,
Lq wklv fdvh/ lw lv dq htxloleulxp iru hdfk dfwlyh elgghu wr hqwhu wkh dxfwlrq li
dqg rqo| li khu w|sh lv juhdwhu wkdq yW/ lq erwk fdvhv= zkhq wkh dxfwlrqhhu uhsruwv
rqh dfwlyh elgghu dqg wkh frpelqdwlrq ri uhvhuyh sulfh dqg hqwu| ihh lv +u> h,/ dqg
zkhq wkh dxfwlrqhhu uhsruwv wzr dfwlyh elgghuv dqg wkh frpelqdwlrq ri uhvhuyh sulfh
dqg hqwu| ihh lv +u2> h2,1
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y+4 I +y,,i+y,gy . 5+4 I +yW,,+u?I +y
W, . h?,> iru q @ 4> 5>
li wkh dxfwlrqhhu uhsruwv wkdw wkhuh lv rqh dfwlyh elgghu dqg dqqrxqfhv +h> u,/ ru li
kh uhsruwv wkdw wkhuh duh wzr dfwlyh elgghuv dqg dqqrxqfhv +h2> u2,1
Wkh uvw whup lv wkh h{shfwhg uhyhqxh iurp wkh elgv1 Wklv lv wkh h{shfwhg
ydoxh ri wkh vhfrqg kljkhvw ydoxdwlrq frqglwlrqdo rq ehlqj juhdwhu wkdq yW wlphv wkh
suredelolw| wkdw wkh vhfrqg kljkhvw ydoxdwlrq lv juhdwhu wkdq yW1 Wkh vhfrqg whup lv
wkh h{shfwhg uhyhqxh iurp wkh uhvhuyh sulfh dqg wkh hqwu| ihh1 Wkh suredelolw| wkdw
rqo| rqh elgghu kdv ydoxdwlrq deryh yW wlphv wkh uhvhuyh sulfh soxv wkh suredelolw|
wkdw d elgghu hqwhuv wkh dxfwlrq e| wkh qxpehu ri elgghuv/ wzr/ wlphv wkh hqwu| ihh1
Qrwh wkdw iurp htxdwlrq +5,/ I +yW,u2 . h2 @ I +y
W,yW @ I +yW,yW . I +yW,h ?
I +yW,yW . h/ khqfh uI +y
W, . h A u2I +y
W, . h2 zkhq h A 31 Wklv phdqv wkdw
wkh dxfwlrqhhu jhwv vwulfwo| kljkhu uhyhqxh uhsruwlqj wkdw wkhuh lv rqo| rqh dfwlyh
elgghu dqg dqqrxqflqj +u> h, wkdq uhsruwlqj wkdw wkhuh duh wzr dfwlyh elgghuv dqg
dqqrxqflqj +u2> h2,/ zkhq wkhuh duh wzr dfwlyh elgghuv dqg h A 31 
Wkh lqwxlwlrq lv fohdu1 Elgghuv duh ohvv zloolqj wr sd| dq hqwu| ihh li wkh| h{shfw
wr phhw pxfk frpshwlwlrq lq wkh dxfwlrq1 Khqfh/ wkh dxfwlrqhhu kdv lqfhqwlyhv wr




Lq wklv sdshu zh kdyh vkrzq wkdw zkhq wkhuh lv xqfhuwdlqw| derxw wkh qxpehu ri
elgghuv wkh dxfwlrqhhu fdq dfklhyh klv pd{lpxp h{shfwhg xwlolw| zlwk dq dssursuldwh
dxfwlrq +h1j1 d vhfrqg sulfh dxfwlrq, zlwk d uhvhuyh sulfh1 Zh kdyh dovr vkrzq wkdw
hqwu| ihhv duh/ krzhyhu/ vxe0rswlpdo pdlqo| gxh wr wzr uhdvrqv= khwhurjhqhlw| lq
elgghu*v eholhiv derxw wkh qxpehu ri dfwlyh elgghuv> dqg/ dxfwlrqhhu*v xqfhuwdlqw|
derxw wkh elgghuv* eholhiv dqg khqfh/ wkh rswlpdo hqwu| ihh/ li dq|1 Xqghu wkhvh wzr
frqglwlrqv/ dq hqwu| ihh zloo dfw glvwruwlqj wkh hqwu| zlwk uhvshfw wr wkh elgghuv*
hqwu| ghflvlrqv zkhq wkh dxfwlrq rqo| kdv dq rswlpdo uhvhuyh sulfh1
Wkh sureohp ri xqfhuwdlqw| derxw wkh qxpehu ri elgghuv vhhpv wr eh fuxfldo lq
uhdo olih dxfwlrqv1 Zh kdyh surylghg d txlwh jhqhudo prgho wr dqdo|vh h{rjhqrxv
xqfhuwdlqw|/ krzhyhu lw lv vwloo plvvlqj d jhqhudo prgho wkdw frqvlghuv qrw rqo| h{0
rjhqrxv xqfhuwdlqw| exw dovr hqgrjhqrxv xqfhuwdlqw|1 Prghov lq zklfk hqgrjhqrxv
xqfhuwdlqw| derxw wkh qxpehu ri elgghuv sod| dq lpsruwdqw uroh dv Ohylq dqg Vplwk
+4<<7, uhvwulfw wr wkh fdvh lq zklfk doo elgghuv duh v|pphwulf/ dqg khqfh krog kr0




Fdvvdg|/ U1 +4<9:,= Dxfwlrqv dqg Dxfwlrqhhulqj1 Xqlyhuvlw| ri Fdoliruqld Suhvv/
Ehunhoh| dqg Orv Dqjhohv/ Fdoliruqld1
Fuhphu/ M1/ dqg U1 S1 PfOhdq +4<;;,= Ixoo H{wudfwlrq ri Vxusoxv lq Ed|hvldq
dqg Grplqdqw Vwudwhj| Dxfwlrqv/ Hfrqrphwulfd/ 89+9,/ 457:458:1
Hqjhoeuhfkw0Zljjdqv/ U1 +4<<6,= Rswlpdo Dxfwlrqv Uhylvlwhg/ Jdphv dqg
Hfrqrplf Edkdylrxu/ 8/ 55:56<1
Ohylq/ G1/ dqg M1 O1 Vplwk +4<<7,= Htxloleulxp lq Dxfwlrqv zlwk Hqwu|/ Wkh
Dphulfdq Hfrqrplf Uhylhz/ ;7+6,/ 8;88<<1
Pdvnlq/ H1/ dqg M1 Uloh| +5333,= Dv|pphwulf Dxfwlrqv/ Wkh Uhylhz ri Hfr0
qrplf Vwxglhv/ Iruwkfrplqj1
PfDihh/ U1 S1/ dqg M1 PfPloodq +4<;:,= Dxfwlrqv zlwk d Vwrfkdvwlf Qxpehu
ri Elgghuv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 76/ 44<1
Phuwhqv/ M1 I1/ dqg V1 ]dplu +4<;8,= Irupxodwlrq ri Ed|hvldq Dqdo|vlv iru
Jdphv zlwk Lqfrpsohwh Lqirupdwlrq/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 43/
94<9651
Plojurp/ S1/ dqg U1 Zhehu +4<;5,= D Wkhru| ri Dxfwlrqv dq Frpshwlwlyh
Elgglqj/ Hfrqrphwulfd/ 83/ 43;<44551
P|huvrq/ U1 E1 +4<;4,= Rswlpdo Dxfwlrqv Ghvljq/ Pdwkhpdwlfv ri Rshudwlrq
Uhvhdufk/ 9+4,/ 8;:61
Zdhkuhu/ N1/ U1 P1 Kduvwdg/ dqg P1 K1 Urwknrsi +4<<;,= Dxfwlrq Irup
Suhihuhqfhv ri Ulvn0Dyhuvh Wdnhuv/ Udqg Mrxuqdo ri Hfrqrplfv/ 5<+4,/ 4:<4<51
4<
